We investigate the stability of the electroweak vacuum for two-Higgs-doublet models with a supersymmetric UV completion. The supersymmetry breaking scale is taken to be of the order of the grand unification scale. We first study the case where all superpartners decouple at this scale. We show that contrary to the Standard Model with one Higgs doublet, matching to the supersymmetric UV completion is possible if the low-scale model contains two Higgs doublets. In this case vacuum stability and experimental constraints point towards low values of tan β 2 and pseudoscalar masses of at least about a TeV. If the higgsino superpartners of the Higgs fields are also kept light, the conclusions are similar and essentially independent of the higgsino mass. Finally, if all gauginos are also given electroweak-scale masses (split supersymmetry with two Higgs doublets), the model cannot be matched to supersymmetry at very high scales when requiring a 125 GeV Higgs. Light neutral and charged higgsinos therefore emerge as a promising signature of a supersymmetric UV completion of the Standard Model at the grand unification scale.
Introduction
The structure of the electroweak and strong interactions seems to point towards an increase of symmetry and to a unification of the fundamental forces as we probe shorter and shorter distances. It is then natural to expect that symmetries larger than the internal and space-time symmetries of the Standard Model of particle physics, including supersymmetry, grand unification and additional space-time dimensions, will play a crucial role for the embedding of the Standard Model into a more fundamental theory. In particular string theory, the leading candidate for a unified theory of all interactions, relies on supersymmetry to guarantee a perturbatively controlled stable vacuum state [1, 2] . From the point of view of superstring theory, the generic expectation for the scale of supersymmetry breaking is at or close to the string scale, which is of course usually many orders of magnitude larger than the electroweak scale. The Standard Model, possibly supplemented by other light states, would then be the non-supersymmetric effective field theory of a UV completion with spontaneously broken supersymmetry. This UV completion would take effect at a very high energy scale of about 10 15−17 GeV.
Example scenarios include universal high-scale supersymmetry [3] and split supersymmetry [4, 5] , which has been realised in string theory [6] and higher-dimensional field theory with flux [7] . In the past, the main motivation to consider supersymmetric extensions of the Standard Model used to be the hierarchy problem: electroweak-scale supersymmetry allows to stabilise a large hierarchy between the electroweak scale and a much higher fundamental scale against radiative corrections. However, so far the data shows no sign of supersymmetry. Should no evidence in its favour surface during the second run of the LHC, one may have to conclude that the electroweak scale is not actually protected by supersymmetry, but fixed by some unknown ultraviolet dynamics at a value which presently appears unnatural to us. Our hypothesis for the present paper is that supersymmetry does exist but, since the scale of its breaking is high, that it plays no role in stabilising the electroweak hierarchy.
Admitting a supersymmetric UV completion at high scales is a nontrivial constraint on the low-energy effective theory. For example, it is well known that the Standard Model by itself cannot be matched to its minimal supersymmetric extension (MSSM) above about 10 11 GeV [8] . This is because at higher energies the running Higgs quartic coupling in the Standard Model becomes negative, while the D-term potential in supersymmetry is positive definite. The maximal matching scale is even lower for split supersymmetry, where the electroweak-scale spectrum consists of the Standard Model and the MSSM gauginos and higgsinos [8, 9] . Therefore, to allow for a supersymmetric UV completion at scales of 10 15−17 GeV, more states need to be kept light in the lowenergy theory, besides the Standard Model Higgs doublet and possibly gauginos and higgsinos. Our ability to extrapolate some non-supersymmetric low-energy effective theory to high energies may also be limited by vacuum stability. This, again, is already seen in the Standard Model itself: as a result of the quartic coupling turning negative, the Higgs potential becomes unbounded from below (although the lifetime of the electroweak vacuum has been estimated to be longer than the age of the universe, see Ref. [10] and references therein). More generally, demanding a stable or at least sufficiently longlived vacuum imposes additional constraints on any low-energy theory, even if it can be matched to a supersymmetric UV completion. Although supersymmetry ensures that the potential will be positive definite at the UV completion scale, the RG-improved treelevel potential may still be formally unbounded from below at intermediate energies when expressed in terms of the running couplings. This would signal the presence of additional vacua which are in general deeper than the realistic electroweak vacuum.
A particularly interesting class of models retains both MSSM Higgs doublets as light states at low energies, with or without the light higgsinos and gauginos of split supersymmetry. The matching of the two-Higgs-doublet model (THDM) to the MSSM at high energies has previously been discussed in Ref. [11] . Recently, a detailed analysis of the matching for a variety of THDM models as function of the supersymmetry breaking scale has been performed in Ref. [12] , however, without taking vacuum stability constraints into account. With regards to vacuum stability, the extrapolation of a THDM to high energies near the Planck scale was studied in Refs [13] [14] [15] [16] , but without imposing constraints from high-energy supersymmetry.
In the present paper we show that several kinds of two-Higgs-doublet models can indeed be matched to GUT-scale or even to string-scale supersymmetry without suffering from vacuum instability. We study three exemplary models using the spectrum generator framework FlexibleSUSY [17] : a pure type-II THDM, the THDM with additional electroweak-scale higgsinos (which has the appealing property of gauge coupling unification at 10 14 GeV), and the THDM with the full gaugino and higgsino field content of split supersymmetry at the electroweak scale. It turns out that the combined requirements of a supersymmetric UV completion, a stable vacuum, and a 125 GeV Higgs are quite restrictive on the low-energy spectrum. For the pure THDM we find that the parameter region at low tan β and relatively large M A , namely tan β 2 and M A 1 TeV, is in agreement with all these constraints as well as with the experimental bounds from the measurement of BR(b → sγ) [18] and the limits from the searches for additional Higgs bosons, in particular in the channel H, A → τ τ [19] [20] [21] . The conclusions are similar but somewhat more restrictive for the THDM with light Higgsinos. For the THDM with split supersymmetry, on the other hand, we find that the model cannot be extrapolated to the scale of Grand Unification because the predicted mass of the Standard Model-like Higgs boson is always too large in the parameter regions allowed by the other constraints.
2 THDM models as effective field theories
Preliminary remarks
The standard procedure for treating theories with several hierarchically separated scales is to "run and match" the effective field theory parameters. That is, the theory is regularised and renormalised using the MS scheme (or one of its cousins such as DR), the parameters are evolved according to their n-loop renormalisation group equations in between the thresholds, and at each threshold crossing the heavy states are decoupled by hand. The parameters of the resulting effective theory are matched to those of the full theory with (n − 1)-loop precision. If the masses of two heavy states are comparable to each other, they should be decoupled simultaneously and their mass difference accounted for by an appropriate threshold correction at leading-log order. If on the other hand the masses of two heavy states are widely separated, then they define two distinct thresholds between which the logarithms should be resummed, using the renormalisation group equations of an intermediate effective theory.
For the present study we will always use precisely one effective field theory between the supersymmetry breaking scale M S = 10 15−17 GeV and the electroweak scale. While intermediate thresholds certainly offer interesting possibilities to generalise our work, here we will always assume that one set of particles decouples close to M S and that the remaining states will obtain masses at most of the order of a TeV. These "light" states will always include the Standard Model particles and a second Higgs doublet; we will furthermore investigate the cases where they also include a pair of higgsinos, or a pair of higgsinos and all MSSM gauginos. In particular, we take all the eigenvalues of the Higgs mass matrix to be comparable to each other, and therefore the running parameters of the THDM must be matched directly to the measured pole masses of the Standard Model particles. Thus, our study differs from the often considered case where the mass scale M A of the non-standard Higgs bosons is much higher than the electroweak scale. In this case the appropriate procedure would be to decouple the non-standard Higgs bosons at the high scale M A , to match the THDM to the Standard Model at M A , and then to evolve the Standard Model running parameters down to the electroweak scale.
Imposing that all Higgs bosons acquire masses TeV is a strong assumption, which as discussed above is technically unnatural since as for the discovered Higgs boson at 125 GeV also the masses of further relatively light Higgs bosons should be affected by high-scale physics. The Higgs mass parameters of the low-energy theory are determined by the matching conditions to the unknown supersymmetric theory at M S ∼ 10 15−17 , and are generically expected to be of the order of M S itself. Here we postulate that the various contributions to the Higgs mass matrix cancel each other to a very high degree of precision, such that all of its entries are of the order of at most a TeV. We refrain from speculating about the reasons -in our approach we assume that the hierarchy problem is solved by the UV theory by some means unknown to us. It has been argued that the electroweak scale might need to be low for anthropic reasons, and that this would predict precisely one light scalar doublet. We do not subscribe to these arguments; it seems to us that they rest on rather frail assumptions, and that even if anthropics should indeed be related to the electroweak hierarchy, this would not necessarily preclude a (presently unknown) anthropic argument for a second light Higgs doublet.
Here g ≡ g 2 and g ≡ The one-loop threshold corrections to these couplings are e.g. listed in Ref. [11] . The exact superpartner spectrum at M S is of course unknown, but we use the GUT model of Ref. [7] as a guidance. It predicts that the squark and slepton soft masses are degenerate to leading order at the matching scale M S , and that all other soft parameters are generated at subleading order. In this case the squark and slepton threshold corrections are suppressed not only by a loop factor but also by the small ratios A/M S , µ/M S and by the near-degeneracy of the squarks and sleptons, and their impact on our results is correspondingly reduced.
In the following we set these threshold corrections to zero for definiteness, with the understanding that this is a source of model dependence. To account for the neglected effects, we will assume a conservative 3 GeV uncertainty on m h in our analysis.
Following the same line of reasoning, we also neglect the higgsino threshold corrections to Eqs. (3) in the pure THDM case, and the electroweak gaugino threshold corrections in the case of both the pure THDM and the THDM with light higgsinos.
Note that the tree level matching conditions Eqs. (3) are not specific to the UV completion being the MSSM, but apply in any model in which the quartic scalar potential emerges from the D-term potential of an N = 1 supersymmetric SU(2) × U(1) theory.
Since we are setting λ 5 = λ 6 = λ 7 = 0 in our analysis, and since the Yukawa terms
are also absent at the matching scale (up to small threshold corrections which we neglect), our model becomes an effective type-II THDM.
If there are winos or binos in the spectrum, the matching conditions for their Yukawa couplings at the scale M S read at the tree-levelg
We will again neglect possible effects from small threshold corrections. We also assume that there is some conserved quantum number (such as R-parity or B−L) distinguishing the higgsino from the lepton doublets, such that there are no Yukawa couplings between the Higgs, the higgsino and the right-handed leptons.
Running to the scale M t
The λ i evolve from M S down to the electroweak scale according to their renormalisation group equations. Note that λ 5,6,7 ,γ u,d ,γ u,d , as well as the "wrong Higgs" quark and lepton Yukawa couplings, are protected by the symmetries of the effective theory and therefore will not be generated during the running if they are zero at the matching scale, which we assume is the case. We therefore work with all these couplings set to zero henceforth.
To obtain a scalar potential that is bounded from below, a set of sufficient conditions on the running scalar couplings is Ref. [23] 
Numerically it will turn out that the first three conditions are always satisfied as a consequence of the supersymmetric matching conditions, while the fourth one Eq. (8) may be violated at intermediate scales.
The stability conditions can be relaxed if one allows for additional vacua besides the electroweak one, and merely imposes that the lifetime of the electroweak vacuum be 10 10 years. In that case, assuming that the conditions (5-7) are satisfied, the condition (8) is replaced by an inequality which should hold at all renormalisation scales µ r ,
where
A derivation of Eq. (9) is given in Appendix B. In order to numerically study the running of the parameters in the presence of the boundary and vacuum stability conditions, we use the spectrum generator framework FlexibleSUSY 1.2.1 [17] in combination with SARAH 4.6.0 [24] [25] [26] 1 . The latter is used to compute the 2-loop renormalisation group equation for the effective field theories. As a preliminary safety-check, we have compared the expressions obtained from SARAH with the ones provided by PYR@TE [27, 28] , finding complete agreement. FlexibleSUSY makes use of 2-loop renormalisation group equations and provides an automatic matching of the THDM to input parameters at the electroweak scale (we perform the matching at the scale M t ), as described in the following as well as in more detail in Appendix A.
Matching at the weak scale
By integrating the 2-loop renormalisation group equations we obtain the running parameters of the THDM (potentially including higgsinos and gauginos) at the scale M t , where we match the THDM to experimentally known input parameters. The matching is performed by calculating the MS gauge and Yukawa couplings as well as the VEVs of the THDM from known input parameters at the 1-and leading 2-loop level. In particular, at the tree level, the well-known THDM relations
allow us to express the entire scalar potential in terms of
, the quartic couplings, the pseudoscalar MS Higgs mass m A and
More details on the matching procedure at the loop level are given in Appendix A. We note that our models have the appealing feature that there are very few parameters left in the low-energy theory. Since the quartic couplings are essentially determined by the gauge couplings via the supersymmetric boundary conditions, the only free parameter which directly affects them is the matching scale M S . Setting v ≈ 174 GeV implies that, in the pure THDM, the Higgs mass spectrum is completely determined by the parameters M S , m A and tan β, one of which can (in principle) be fixed by requiring M h = 125 GeV. Moreover, requiring vacuum stability forces us into the region of rather low tan β, and the sensitivity of the low-energy spectrum to M S is very mild. This allows us, in principle, to predict a sharp correlation between tan β and m A . In practice, however, the theory uncertainty on the calculation of the lightest Higgs mass is still so large that there is still room for significant variation, as we will detail in the next section.
Higgs-mass predictions
In the THDM with higgsinos, the Higgs masses receive loop corrections from charginos and neutralinos and hence depend on the higgsino mass parameter µ. This leads to correlations between the Higgs and neutralino and chargino masses which are in principle testable at colliders. In the THDM with higgsinos and gauginos, the Higgs masses depend on all the chargino and neutralino masses, and may in addition be affected by two-loop corrections from the gluino. This will also become evident in the next section.
We calculate the CP-even Higgs pole masses by numerically finding the two eigenvalues M 2 h,H of the one-loop-corrected mass matrix
Here, M 
Results

The pure THDM
The low-energy parameter space is strongly constrained by vacuum (meta)stability, by requiring the lightest Higgs boson mass to be 125 GeV, and by the experimental bounds from the measurement of BR(b → sγ) [18] and the limits from the LHC searches for H, A → τ τ [19] [20] [21] . In the top row of Fig. 1 we show contours of the lightest Higgs mass as a function of M A and tan β for a SUSY breaking scale M S = 2 · 10 14 GeV.
The vacuum is absolutely stable only in the white unshaded region at low tan β. It is metastable in the bulk of the parameter space (orange regions), and unstable in the red region of intermediate tan β. We remark that including high-scale one-loop threshold corrections from heavy higgsinos, which we have neglected in generating these plots, can have a significant impact on the large tan β region. For example, choosing µ = 0.1 M S somewhat lowers the upper boundary of the unstable region and opens up a new stable region around tan β = 30. However, the constraint M h = 125 GeV enforces M A 200 GeV at large tan β, and this parameter region is excluded by the constraint on the charged Higgs boson mass in a THDM from the measurement of BR(b → sγ) (since the charged Higgs is similarly light as the pseudoscalar) and by the limits from the LHC searches for H, A → τ τ . . Unshaded regions are allowed by vacuum stability. In the orange region, the electroweak vacuum is unstable but its lifetime is larger than the age of the universe. Red regions are excluded by vacuum stability. Grey regions are uncalculable because perturbative control is lost. Vacuum stability conditions Figure 2 : Renormalisation group running of dimensionless parameters (left column) and the vacuum stability conditions (right column), in the THDM for M S = 2 · 10 14 GeV, for two different points characterised by a stable electroweak vacuum (top row) and metastable behaviour (bottom row). µ r denotes the renormalisation scale. λ and λ meta are defined in Eqs. (9) and (10).
Thus, including or neglecting these threshold corrections only affects a parameter region which is phenomenologically disfavoured anyway.
Note that absolute vacuum stability forces one into the low tan β region, tan β 1.8, with pseudoscalar Higgs masses exceeding a TeV for M h = 125 GeV and the central value of M t . By contrast, when allowing for the vacuum to be metastable, the most severe constraint on M A comes from the measurement of BR(b → sγ), which together with the requirement that M h should be close to 125 GeV still points to somewhat small tan β values, tan β < ∼ 5. For comparison, we also show the case of a higher SUSY breaking scale M S = 2·10
17
GeV in the bottom row of Fig. 1 . This scale, an order of magnitude below M Planck , is about the highest for which the matching to a weakly coupled four-dimensional supersymmetric field theory can be justified. While the qualitative behaviour in the plane is the same as for the lower SUSY breaking scale case, we observe that a large part of the formerly metastable region is now unstable. Concerning the higgsino one-loop threshold corrections, similar remarks as above apply 2 .
In order to understand why the THDM allows a matching to the supersymmetric standard model at very high scales one has to study the renormalisation group flow of the quartic couplings. This is shown in Fig. 2 for M S = 2 · 10 14 GeV for two values of tan β. For small values of tan β the absolute value of the top-quark Yukawa coupling is large in the IR. This drives the coupling λ 2 also to large values in the IR. In the UV, at M S , all quartic couplings are determined by the gauge couplings, which approximately unify in the THDM. Due to the boundary conditions the coupling λ 4 is negative at M S . Hence the condition λ 3 + λ 4 + √ λ 1 λ 2 > 0 is the most stringent stability constraint.
As Fig. 2 shows, for tan β = 1.15 the coupling λ 2 is sufficiently large such that √ λ 1 λ 2 can compensate the negative λ 4 . For tan β = 5 this is no longer the case, and only the weaker metastability condition is satisfied.
The THDM with higgsinos
In the case that the gauginos, squarks and sleptons are decoupled at the scale M S , while the Higgs bosons of the THDM and their superpartners have masses at the electroweak scale, the low-energy mass spectrum depends on the additional parameter µ. . Unshaded regions are allowed by vacuum stability. In the orange region, the electroweak vacuum is unstable but its lifetime is larger than the age of the universe. Red regions are excluded by vacuum stability. Grey regions are uncalculable because perturbative control is lost. the vacuum is unstable. For a metastable vacuum the requirement that M h should be close to 125 GeV favours somewhat higher M A values than for the pure THDM, in accordance with the constraint from the measurement of BR(b → sγ). An absolutely stable region remains at small values of tan β, favouring somewhat higher M A values than in the pure THDM case. For a higher SUSY breaking scale M S = 2 · 10 17 GeV the parameter space is even more constrained.
It is important to notice that the existence of a stable region at small tan β imposes no constraints on the parameter µ. Hence, a scenario where at the weak scale the particle content of the Standard Model is supplemented by the Higgs bosons of a second doublet at about a TeV and light neutral and charged higgsinos is fully compatible with the matching to a supersymmetric UV completion at the grand unification scale. A discovery of light higgsinos at the LHC could therefore be interpreted as a possible hint for a supersymmetric UV completion at the grand unification scale.
The THDM with split supersymmetry
When retaining the full gaugino spectrum of the MSSM as well as its complete Higgs sector as the light degrees of freedom, this particle content has the appealing feature that the gauge couplings approximately unify at the scale M GUT = 2 · 10
16 GeV. The best-motivated choice for the matching scale in this case is therefore M S = M GUT . The low-energy spectrum now depends on the gaugino masses M 1,2,3 as well as on µ. For simplicity we choose a common low-scale value M 1 = M 2 = µ for the electroweak superpartner masses, while keeping M 3 = 2000 GeV to avoid experimental limits from LHC Run 1. (Alternatively we could have imposed gaugino mass unification at M GUT , which leads to very similar results for a low-scale value of M 2 equal to µ.) The Higgs sector is affected by the gluino only through two-loop effects, and therefore is not very sensitive to the precise value of M 3 , given that the squarks are decoupled. We can therefore assume that the gluino is sufficiently heavy to have escaped detection at the LHC so far.
We find that in the case of light gauginos the vacuum stability conditions are always satisfied and therefore imply no constraint on tan β. As shown in Fig. 4 , however, a Higgs mass consistent with observation can only be obtained for small values of M A which are essentially excluded by the constraint from the measurement of BR(b → sγ) in this scenario. Hence, the extrapolation of the THDM with light higgsinos and gauginos up to the grand unification scale is not compatible with the measured value of the Higgs boson mass. 
Summary and outlook
We have studied the matching of the Standard Model, supplemented by a second Higgs doublet, with or without additional higgsinos and gauginos, to the supersymmetric standard model at high scales close to the GUT scale. A supersymmetric ultraviolet completion of the Standard Model is strongly motivated by unified theories, in particular string theory.
The extrapolation of the Standard Model to high scales is severely constrained by the necessary requirement of stability or metastability of the electroweak vacuum. In the Standard Model a matching to its supersymmetric extension at the GUT scale is not possible for the measured mass of the Higgs boson. On the contrary, as we have shown, a matching consistent with vacuum stability is possible for two-Higgs-doublet models. For small values of tan β the large top-quark Yukawa coupling drives one of the quartic Higgs couplings to large values in the IR. As a consequence, all vacuum stability conditions can be satisfied.
The matching of the pure THDM to its supersymmetric extension at high scales implies a lower bound on the additional Higgs boson masses of about a TeV. This bound shows a significant sensitivity on the remaining theoretical uncertainties induced by the experimental error of the mass of the top quark and from unknown higher-order corrections. In case of light higgsinos the lower bound is slightly more stringent than for the case of the pure THDM. Because of this preference for low values of tan β and relatively high values of M A , the discovery of additional Higgs bosons at the LHC appears challenging in this scenario. In principle, smaller pseudoscalar masses can be consistent with a metastable electroweak vacuum. But these values of M A are already essentially excluded by the constraints from rare processes. Finally, in the case of both higgsinos and gauginos at the TeV scale the vacuum stability conditions are always fulfilled, but a Higgs mass of 125 GeV implies values of M A that are incompatible with low energy measurements.
It is remarkable that the extrapolation of two-Higgs-doublet models to the GUT scale implies essentially no constraints on the masses of light neutral and charged higgsinos, the superpartners of the two Higgs doublets. Hence, a discovery of just light higgsinos at the LHC could be interpreted as a possible hint for a supersymmetric UV completion at the grand unification scale.
The Standard Model requires fine-tuning of the cosmological constant and the Higgs mass. In two-Higgs-doublet models also the mass term of the second Higgs doublet has to be fine-tuned. This situation is unsatisfactory. It is conceivable that an explanation of this puzzle will eventually be provided by the UV completion.
Appendices
A Details on the matching at the weak scale
In the following the applied procedure for the matching at the weak scale is described. The matching is performed at the scale M t .
The MS gauge couplings g i (M t ) of the THDM are calculated as 
where the threshold corrections ∆α i (µ r ) read
log mχ±
The terms involving the masses of the charginos and the gluino are only present if these particles have not been integrated out at the high-scale and are thus part of the low-energy effective theory. As input, we use α
SM(5),MS em
(M Z ) = 1/127.940 [34] and α SM(5),MS s (M Z ) = 0.1184 [35] , which are evolved to the scale M t using the 1-loop QED and 3-loop QCD β-functions in the Standard Model with 5 active quark flavours.
The MS weak mixing angle θ W in the THDM is determined from the Fermi constant G F = 1.16638 · 10 −5 [37] and M Z = 91.1876 GeV [37] using the iterative approach described in [29] taking into account the full 1-loop THDM corrections and leading 2-loop Standard Model corrections to ∆ρ and ∆r [29, 38] . The vertex and box contributions, δ VB , from potential non-Standard Model particles are neglected here.
The MS Yukawa couplings y i (M t ) of the THDM are determined from the corresponding THDM MS masses m i using the relations
The top quark MS mass in the THDM is calculated from the top pole mass M t = 173.34 GeV [36] using the full 1-loop self-energy plus 2-loop Standard Model QCD corrections,
2-loop gluon corrections taken from Ref. [30] ,
∆m (2) ,qcd t (µ r ) = ∆m 
In this identification, the 1-loop Standard Model electroweak corrections to m 
where the running Z mass is given by
and Σ T ZZ is the transverse part of the 1-loop Z self-energy in the THDM including higgsinos and gauginos if present in the theory.
As shown above, the matching at the weak scale at the 1-and 2-loop level introduces a dependency of the gauge and Yukawa couplings as well as the vacuum expectation values on the particle spectrum of the THDM (possibly including higgsinos and gauginos). These gauge and Yukawa couplings enter the renormalisation group equations for all model parameters, including the quartic couplings λ i , which are fixed by boundary conditions at the high scale, M S . For this reason, an iteration between the matching of the λ i at M S and the matching to the Standard Model at M t must be performed until a convergent solution to this boundary value problem has been found.
If a consistent solution to this boundary value problem has been found, the pole mass spectrum is calculated at the 1-loop level. This calculation follows a similar procedure as described in Ref. [29] for the MSSM, adapted to the THDM case, potentially including higgsinos and gauginos, if present in the theory.
B Vacuum (meta)stability
Absolute stability of the electroweak vacuum is a strong requirement. From the phenomenological point of view, it might be more reasonable to demand metastability with a lifetime larger than the age of the universe. Semiclassically, the tunnelling probability into the true vacuum during a cosmic time τ (or more precisely, the tunnelling rate times τ ) can be estimated as [31] p ∼ τ R 4 e −S bounce ,
where S bounce is the euclidean action of the "bounce" instanton solution which interpolates between the false and the true vacuum, and R is the characteristic size of the bubble. Note that, at this level, R is undetermined for a classically scale invariant potential. A more precise estimate in quantum theory was discussed e.g. in Ref. [32] for the case of the Standard Model. Following their analysis, for a single scalar field with a φ 4 potential (neglecting the Higgs mass term),
the tunnelling probability for negative λ can be estimated as
where λ(µ r ) is the running quartic coupling, and ∆S are one-loop corrections from particles coupling to φ. We require p 1 when τ is the age of the universe, τ = 10
10
yr. The tunnelling probability is dominated by the largest value of |λ|, which, for the Standard Model, leads to a condition that λ be larger than about −0.05 during its entire RG evolution up to M Planck [32] (somewhat larger |λ| being permissible at low scales).
In our case the model is somewhat more complicated as it involves several scalar degrees of freedom. However, out of the four conditions for absolute stability Eqs. (5) (6) (7) (8) , the first three turn out always to be satisfied as a consequence of the supersymmetric boundary conditions on the quartics. The remaining condition Eq. (8) This allows us to write the quartic potential as the sum of three terms which are manifestly positive definite if the stability conditions Eqs. (5) (6) (7) (8) are satisfied:
If howeverλ is negative, then the potential is unbounded from below along the direction a = λ 2 /λ 1 b, ab = c 2 + d 2 with c 2 + d 2 growing large.
To map this onto a one-dimensional problem, we choose a gauge and a field basis such that
(φ cos θ + χ sin θ)e 
Choosing ρ = 0 and χ = φ sets the first two terms in Eq. (36) to zero. The remaining effective potential along the φ direction is
or equivalently
The tunnelling rate will be dominated by bounces along this line in field space, so the problem is effectively one-dimensional. Using for S bounce the RG-improved onedimensional expression without further loop corrections,
we obtain a reasonably accurate necessary condition for the longevity of the electroweak vacuum from Eq. (34). The condition is that at all scales µ r between the electroweak scale and M S we should have the inequality λ(µ r ) − 2.82 41.1 + log 10 µr GeV ,
with λ defined in Eq. (40). This lower bound on λ varies between −0.065 at the electroweak scale and −0.047 at µ r = M Planck . It could probably be strengthened slightly by going beyond our simple one-dimensional approximation.
